Several theoretical groups describe the antikaon-nucleon interaction at low energies within approaches based on the chiral SU(3) dynamics and including next-to-leading order contributions. We present a comparative analysis of the pertinent models and discuss in detail their pole contents. It is demonstrated that the approaches lead to very different predictions for the K − p amplitude extrapolated to subthreshold energies as well as for the K − n amplitude. The origin of the poles generated by the models is traced to the so-called zero coupling limit, in which the inter-channel couplings are switched off. This provides new insights into the pole contents of the various approaches. In particular, different concepts of forming the Λ(1405) resonance are revealed and constraints related to the appearance of such poles in a given approach are discussed.
Introduction
The modern treatment of theKN interactions at low energies is based on Chiral Perturbation Theory (χPT), an effective field theory [1] [2] [3] that implements the QCD symmetries in the region of the large strong coupling constant. Originally, χPT was designed to treat the strong interactions between mesons, the Goldstone bosons of the theory. Later on, it was extended to the mesonbaryon sector, see Refs. [4, 5] for initial works. The power counting issues arising from the large nucleon mass in the chiral limit were overcome by various methods, for a recent review see Ref. [6] . Using baryon χPT, theKN interaction was analyzed in Ref. [7] , where it was shown that the standard perturbation series does not converge due to strong coupling ofKN to the πΣ channel and due to an existence of the Λ(1405) resonance below theKN threshold (see also Ref. [8] ). In Ref. [7] the problem was overcome with an introduction of effective pseudo-potentials constructed to match the chiral amplitudes in the Born approximation. Within this quantum-mechanical approach, the use of multi-channel techniques and Lippmann-Schwinger equation then allows to sum properly a presumably dominant part of the full perturbation series. Another way of dealing with the divergences was adopted in [9] where the intermediate state Green function was regularized by means of a momentum cutoff. The authors of Ref. [9] also argued in favor of neglecting offshell effects inherent in the separable model of Ref. [7] and introduced channels closed at thē KN threshold to improve description of experimental data. Finally, the chiral approach toKN interactions was reformulated within a complete quantum field methodology based on dispersion relation for the inverse of the scattering matrix where dimensional regularization was used to tame the infinities of the meson-baryon Green function [10] . In such an approach unitarity is preserved at each order of the chiral expansion of the potential [10, 11] . For latter use, the approach is often referred to as the chiral unitary model. It was also shown how one can match the so-constructed non-perturbative amplitudes to the χPT amplitudes beyond leading order.
In a broad region around theKN threshold the energy and density dependence of the isoscalar part of theKN amplitude is strongly influenced by the Λ(1405) resonance. While the Λ(1405) properties have been well known for a long time, the nature of the resonance retains some unresolved mysteries. At present, the Λ(1405) appears to be dynamically generated, see e.g. the study of compositeness in Ref. [12] , but the situation is complicated by the appearance of two close-by poles. The reader is also referred to the in-depth review by Hyodo and Jido [13] as well as to a very recent review in the PDG tables [14] .
The chiral approaches that implement the strong coupling of the πΣ andKN channels lead to two dynamically generated resonances assigned to the Λ(1405), each of them coupling individually to theKN and πΣ states [10, 11] . Although the theoretical models give different predictions for exact positions of the poles it seems that the very recent experimental measurements of the kaonic hydrogen characteristics by the SIDDHARTA collaboration [15] based on the improved Desertype formula [16] combined with an analysis of the πΣ mass spectra observed in photoproduction experiments by the CLAS collaboration [17] help to fix at least the position of the pole at higher energy that couples more strongly to theKN channel. Particularly, the CLAS data may be used to choose among a number of local minima emerging in χ 2 fits with many free parameters introduced when next-to-leading order (NLO) corrections are accounted for in the meson-baryon interactions [18] .
In the present work we look at another aspect of the theory, the origin of the poles generated by the multi-channel dynamics. It was already shown by Hyodo and Weise [19] that one of the Λ(1405) related states transforms into a πΣ resonance and the other one into aKN bound state when the inter-channel couplings are switched off. In the current work we elaborate on this finding within a more general concept, discuss the conditions under which such poles emerge and display the pole content of several different models, all of them reproducing the same experimental data. By requiring an existence of a pole in a particular channel we get additional restrictions on the values of some parameters that are fitted to the experimental data. We also maintain that only a limited number of poles can be generated dynamically within the coupled channels framework with interactions driven by chiral symmetry.
The paper is outlined as follows. In the next section we briefly review the chiral unitary approach to meson-baryon interactions and specify the models used in our analysis. Then, we compare the predictions of the models for the energy dependence of theKN amplitude as well as for the isoscalar poles assigned to the Λ(1405) resonance. Further, in Section 4 we derive conditions on pole existence in a limit of switched-off inter-channel couplings and continue with a discussion of the pole contents of the selected models. Finally, we conclude the paper with a summary.
Coupled channels approaches
In our analysis we focus onKN interactions described within a framework of coupled channels approaches with inter-channel couplings derived from an effective chiral Lagrangian. The channels involve all meson-baryon states built up from the corresponding ground state octets with the total strangeness S = −1. In order of the corresponding production threshold energies these are: πΛ, πΣ,KN , ηΛ, ηΣ and KΞ, with appropriate charges (or isospins). In terms of threshold energies these channels encompass a broad interval from 1250 MeV to about 1800 MeV. However, it should be noted that we restrict ourselves to two-body channels in s-wave only, so that any effects due to a formation of additional particles are neglected in the approaches discussed here. Additionally, since the model parameters are fitted to experimental data available at the K − p threshold and at low kaon momenta it is clear that the models may lack a predictive power at energies far from thē KN threshold. However, for the study of the qualitative features related to dynamically generated resonances and to the SU(3) symmetry of the chiral interactions such approach is perfectly suited.
In the following we will outline the theoretical approaches used in the present work. We will concentrate on the most important features of these, referring the interested reader to the original publications for more details. All models considered here describe (at least) the available total cross sections K − p → K − p,K 0 n, π 0 Σ 0 , π + Σ − , π − Σ + at low energies, see Refs. [20] [21] [22] [23] , the old but very precise threshold branching ratios
from Refs. [24, 25] , as well as the energy shift and width due to strong interaction measured for the 1s level of the kaonic hydrogen in the SIDDHARTA experiment at DAΦNE [15] . Besides that, some of the considered models included additional experimental data to constrain a relatively large parameter space as we specify below. On the theoretical side, the starting point of all considered approaches is the meson-baryon potential derived from the chiral Lagrangian, which at the leading chiral order reads
Here . . . denotes the trace in the flavor space,
, and D, F are the axial coupling constants. The traceless meson matrix φ, included in the above Lagrangian via u 2 := exp iφ/F 0 and u µ := iu † ∂ µ u − iu∂ µ u † , collects the Goldstone bosons of the theory, i.e. π, K, η. The ground state octet of baryons (N, Σ, Λ, Ξ) is included via the traceless matrix B. All external currents are set to zero except the scalar one, which reflects the explicit chiral symmetry breaking and is set equal to the quark mass matrix M := diag(m u , m d , m s ). Note, however, that in χPT the quark masses always appear in combination with the low-energy constant (LEC) B 0 that measures the strength of the scalar quark condensate. Finally, the meson decay constant F 0 as well as the baryon octet mass M 0 are the values in the chiral SU (3) limit. In the models discussed in our work, they are set to their physical values in the pertinent channels. At the leading order (LO) the meson-baryon interaction is given by the so-called Weinberg-Tomozawa (WT) term derived from the covariant derivative D µ B. Moreover, the axial vector current ∼ D, F gives rise to the so-called Born graphs, which encounter for the s-and u-channel exchange diagrams of the intermediate baryons.
At the next-to-leading chiral order the meson-baryon interaction is given entirely by contact terms. The details on the construction of the NLO Lagrangian as well as its full form can be found in Refs. [5, 26] . The LECs that are introduced at this order encompass three so-called symmetry breakers (responsible for the splitting of baryon masses) as well as eleven additional LECs commonly referred to as dynamical LECs. Note, that putting the intermediate particles on their mass shell and projecting to the s-wave the number of dynamical structures can be reduced to four. For our purposes, here we only remark that the symmetry breakers can in principle be related to the baryon masses and to the pion-nucleon σ term while the dynamical LECs are very loosely restricted. Typically, they are treated as free parameters.
In the paper we discuss all currently available theoretical approaches that incorporate NLO terms in the underlying chiral Lagrangian and determine the free model parameters by χ 2 fits that reproduce (among others) the most recent SIDDHARTA data on kaonic hydrogen. Before doing so, one important remark is in order. According to the power counting, one expects the contribution of the NLO terms to be parametrically suppressed compared to the LO one. However, there can be exceptions to this. It is known that in chiral SU(3) one can have large corrections due to kaon loops. However, as argued in Ref. [27] , the first correction can be large and after that, the series behaves as expected. Such a behavior is indeed observed in the chiral expansion of the baryon octet magnetic moments [28] . Another possible enhancement of formerly subleading terms can arise from the presence of close-by resonances, as it is well known from the chiral expansion of the two-nucleon forces. Here, the N 2 LO corrections to some phase shifts are as large as the NLO ones, as the effects of the close-by ∆ are encoded in the LECs c i , which contribute first to the first corrections of the two-pion exchange, that appear at N 2 LO, see e.g. the review [29] . Therefore, in some of the approaches discussed below, the formal suppression of the NLO terms is not imposed.
Model types: Kyoto-Munich, Murcia
The Kyoto-Munich and Murcia approaches for the antikaon-nucleon scattering rely on a similar theoretical assumption as described in Refs. [30] and [31] , respectively. There, the chiral potential of the leading and next-to-leading order, derived as described above, is put on the mass shell and projected onto the s-wave. The exact form of the projected chiral potentials and corresponding coupling matrices dictated by the SU(3) symmetry can be found in e.g. Ref. [32] . In the next step, the scattering amplitude T ( √ s) is derived, resumming this potential in the coupled-channel
Bethe-Salpeter equation in the on-shell approximation 1
where every element represents a matrix in the channel space. The diagonal matrix G( √ s) contains the logarithmically (UV) divergent one-loop meson baryon integrals, which are tamed by dimensional regularization applying the MS subtraction scheme. In four dimensions and for a specific meson-baryon channel index i it reads
where M i (m i ) denotes the baryon (meson) masses of the intermediate particles and we introduced
for the scale-independent part of the loop function, with µ the scale of dimensional regularization and q i ( √ s) the modulus of the center-of-mass (CMS) three momentum in the pertinent channel. At any order of a full perturbative calculation this scale dependence cancels out the scale dependence of the contact terms. In a non-perturbative analysis relying on a driving term of any fixed chiral order the scale dependence remains, reflecting the missing higher order (local) terms not accounted for in the above definition of the scattering matrix. Note also that the higher order corrections are channel dependent. Therefore, to account for the missing topologies, the subtraction constants a i (µ) are used in each interaction channel as free parameters of the model. They are adjusted together with the low-energy constants to reproduce the experimental data. The exact values of the subtraction constants depend on the regularization scale µ adopted to be the same for all channels. The Kyoto-Munich [30] and Murcia [31] approaches use the subtraction constants as free parameters for µ = 1 GeV and µ = 0.77 GeV, respectively. The free parameters are adjusted in both approaches to reproduce the experimental data specified before. Additionally, in the Murcia approach cross sections on K − p → ηΛ, K − p → π 0 π 0 Σ 0 as well as the line shape of K − p → π 0 π 0 Σ 0 from Refs. [33] [34] [35] are used to constrain the parameter space. Furthermore, σ πN , a 
Model type: Bonn
The Bonn approach is used to describe the aforementioned experimental data in Ref. [18] . Derived originally in Refs. [36] [37] [38] , it starts from the leading and next-to-leading order chiral Lagrangian. Without making use of the on-shell approximation the exactly unitary scattering matrixT ( √ s) can be derived for any given kernelṼ via the Bethe-Salpeter equatioñ
where p, q 1 and q 2 denote the overall, incoming and outgoing meson four-momenta, respectively. Furthermore, every component of the above integral equation is a 10 × 10 matrix in the channel space. Considering local terms only, the solution of the above coupled-channel integral equation can be derived exactly, see chapter 2 of Ref. [38] . In its final form it contains scalar one-meson(baryon) as well as one-meson-one-baryon loop integrals only, treated by dimensional regularization and applying the MS subtraction scheme. There, the regularization scales µ i are set to be channel dependent, replacing
in Eq. (4) to account for the missing (channel dependent) higher order terms. For the reasons given in Ref. [37] the purely baryonic integrals are set to zero from the beginning, whereas the pure mesonic scalar loop integrals can be shown to parametrize the off-shell part of the above integral equation. The quantitative influence of the latter on the antikaon-nucleon amplitude has been studied in Ref. [36] , where it was found to be negligible. Thus, in the model of Ref. [18] they have been set to zero 2 , which allows to increase the computational performance by a factor of ∼ 30. Note that the computational improvement is essential for the extensive study of the high-dimensional parameter space (20) , given by the unknown LECs (14) and regularization scales µ i (6) . After the best parameter set is found one can gradually turn on the off-shell part again, re-adjusting the parameters to fit the experimental data.
In a large scale study of the parameter space it has been found in Ref. [18] that at least 8 different sets of parameters lead to the similar description of the experimental (hadronic) data. One can, however, put more constraints on these solutions considering the recent and very precise photoproduction data, measured by the CLAS collaboration [17] . Thus, originally 8 solutions have been restricted to two solutions to be referred later as the models B 2 and B 4 , respectively, which are the solution #2 and solution #4 from Ref. [18] , correspondingly.
Model type: Prague
In the on-shell models described so far the intermediate state Green function is dimensionally regularized, see Eq. (4). Alternatively, one can introduce a momentum cutoff as it was done in Ref. [9] . Another way of taming the undesired high momenta in the Green function relies on adopting the meson-baryon effective potentials in a separable form,
with the off-shell form factors chosen in the Yamaguchi form, which reads
The inverse ranges α j characterize the interaction range of the specific meson-baryon states. They can be related to the subtraction constants of Eq. (4), see Ref. [10] , and their exact values are to be determined by a fit to experimental data. The effective separable potentials were applied to thē KN interaction for the first time in Ref. [7] where the authors considered only channels that are open at theKN threshold. The model was extended to cover all interactions of the lightest meson octet with the lightest baryon octet in [39] and [40] , where the parameters of the model were also adjusted to reproduce the most recent data on the 1s level characteristics in kaonic hydrogen [15] . The central piece of the chirally motivated potential matrix
which has a form that matches the chiral amplitude up to a given order in the meson momenta.
Here again, f j denotes the meson decay constant and M j the baryon mass in the j-th channel. The couplings C ij are determined by the SU(3) symmetry and include energy-dependent contributions derived from the chiral Lagrangian in the same manner as it is done for the on-shell models KyotoMunich and Murcia. In Ref. [40] two approaches were presented, one with the potential matrix restricted to only WT interactions and the second including all NLO terms. In the present work we will refer to these Prague models as to P WT (called TW1 in Ref. [40] ) and P NLO (NLO30 in Ref. [40] ), respectively. We also note that in the P NLO model the inverse ranges of the channels closed at theKN threshold as well as the symmetry breakers b 0 , b F and b D were fixed in the fits to reduce the number of the free parameters to 7, the lowest among the considered NLO approaches.
With the potential kernel of Eq. (10) the loop series (Lippmann-Schwinger equation) can be solved exactly to obtain the meson-baryon amplitudes in a separable form as well,
The algebraic solution for the reduced (stripped off the form factors) amplitudes then reads
with an intermediate state meson-baryon Green function
The resulting separable amplitudes provide a natural tool for testing the meson-baryon interactions off the energy shell, particularly in nuclear matter [41] [42] [43] .
We close this section with a brief comparison of the approaches by looking at the impact of including the NLO terms on the inter-channel couplings. For this purpose we write the coupling matrix C ij in a form
where the tilded renormalized matrixC ij ( √ s) is introduced in a way to match the standard energy independent SU(3) Clebsch-Gordan coefficients if only the WT interaction is considered. To simplify the discussion we concentrate only on the diagonal couplings evaluated at the pertinent channel thresholds. In the Table 1 we show the isoscalar (I = 0) and isovector (I = 1) diagonal renormalized couplingsC ii ( √ s = M i + m i ) calculated for the considered models. Note that the Bonn model does not introduce a concept of a potential. In order to perform the proposed comparison of the threshold couplings we have calculated the s-wave part of the T -matrix from Eq. (6) with one-meson-one-baryon loops set to zero. In each channel the result was normalized such that it reproduces WT values (first line of Table 1 ) exactly, when the NLO terms are set to zero. We also remark that the free parameters of the NLO potential and those of the loop functions are fitted simultaneously, so the strength can be reshuffled between the LECs and the subtraction constants. For this reason the deviations of theC ij couplings from the WT ones serve only as an indirect indication of how large the NLO contributions are. The KM NLO and P NLO models introduce only moderate corrections to the couplings when compared with the WT values shown in the first row of Table 1 . On the other hand, the table reveals that the Murcia and Bonn models include quite sizable NLO contributions. Particularly, both Murcia models have very large diagonal couplings that deviate significantly from the WT values in the whole isoscalar sector. The Bonn models also provide quite largeKN (I = 0) couplings, though for the remaining isoscalar channels the NLO modifications are not so significant as those in the Murcia models. It is very interesting that the experimental data do not exclude large NLO contributions in spite of their good reproduction with models implementing only the LO interactions. Since the isovector sector is practically not restricted by the experimental data the differences among the models and large NLO contributions in some of them are not so surprising there.
Model predictions
Since the models are based on the same chiral Lagrangian and reproduce very similar sets of experimental data one would assume that they should tend to agree on predictions made for other physically relevant quantities like the energy dependence of theKN amplitudes or the positions of the poles of the amplitudes on various Riemann sheets (RSs) of the complex energy manifold. As we will demonstrate, the reality is quite a bit different.
In the left panel of Figure 1 we show how the models reproduce the experimental data for the 1s level characteristics of kaonic hydrogen, the energy shift ∆E(1s) and the absorption width Γ(1s), both caused by the strong interaction. There, one can also see the progress made from the experimental point of view by comparing the oldest KEK results [44] with those by the DEAR collaboration [44] and the most recent and most precise ones provided by the SIDDHARTA measurement [15] . All considered theoretical approaches reproduce the SIDDHARTA data quite well and are in very close agreement, even more precise than indicated by the experimental standard deviation. The agreement is spoiled when it comes to positions of the two poles assigned to the Λ(1405) resonance and visualized in the right panel of Figure 1 . There, the models only agree on the real part of the complex energy for the pole that couples more strongly to theKN channel and is generated at higher energy of about 1420 MeV. The imaginary part of the pole energy is not established so well and the position of the second pole varies from one model to another, apparently not constrained much by the experimental data. There, the new CLAS data on πΣ photoproduction off proton [17] are indeed helpful and were already used in fits to separate between many χ 2 local minima with the results preferring the models B 2 and B 4 [18] . On the other hand, the theoretical models still find it difficult to explain the peaks in the πΣ mass spectra observed in the pp collisions by the HADES experiment [45] . Apparently, more dedicated studies accounting properly for the dynamics of the πΣ production in those processes are needed before more conclusive results can be reached, particularly for the πΣ related pole. The energy dependences of the K − p and K − n amplitudes generated by the NLO models are shown in Figure 2 . Once again, the models have no problem to reproduce the experimental data available at the K − p threshold energy, the branching ratios Eq. (1) and the kaonic hydrogen characteristics. However, the models differ significantly when going to subthreshold energies in the K − p amplitude or when the predictions for the K − n amplitude are made. Particularly, we note that the model differences in the subthreshold region are much larger than bands (or zones) of theoretical uncertainties derived from standard deviations of the fitted parameters within a particular approach. Once again, the experimental data available at the threshold and at higher energies do not constrain the theoretical models sufficiently when exploring physics in those sectors. Thus, further improvement of experimental data, e.g. on the very old cross sections as proposed in Ref. [46] , is of huge importance for this strongly debated field. Additional constrains on thē KN energy dependence at subthreshold energies should be provided by analysis of the πΣ mass spectra observed in various processes. The CLAS data on πΣ photoproduction [17] were already used in Ref. [18] while the coming data on the K − d → πΣn reaction and the Λ c → ππΣ decay can provide further constrains on the theoretical models as discussed in Ref. [12] . However, we note that a proper analysis of the πΣ spectra observed in these processes hinges on realistic treatments of the involved reaction dynamics.
E(1s) (eV)
For the K − p amplitude at subthreshold energies the Prague model provides the largest and most pronounced attraction (in the real part of the K − p amplitude) and peak (in the imaginary part) at energies about 30 MeV below theKN threshold with a shape in agreement with the Kyoto-Munich and M I models that have the resonance structure at slightly higher energies. The M II and both Bonn models generate apparently different energy dependence, with the Bonn models deviating from the other ones at energies above theKN threshold as well. It is interesting that both Murcia models agree with the Prague and Kyoto-Munich ones at energies above theKN threshold despite the fact that the Murcia parameter sets were fitted to additional experimental data available for higher energies.
The deviations between the Bonn and other approaches are of great conceptual importance, which become most evident at energies above theKN threshold. They arise due to the fact that, in contrast to the other considered approaches, no s-wave projection of the interaction kernel is performed in the Bonn approach. Therefore, terms of the NLO Lagrangian proportional to the cosine of the scattering angle are explicitly accounted for in this approach. This issue is completely irrelevant when s-wave quantities are compared (such as scattering lengths), but may play an important role when addressing total cross sections. In general, the latter do not discriminate between various partial waves. Thus, neglecting higher partial waves in the calculation of the total cross sections is an additional assumption. It is not clear a priori, where this assumption breaks down, but it certainly will happen at some energies above theKN threshold. As a matter of fact, the experimental data in this region are actually dominated by the measurement of the total cross sections.
The model predictions for the K − n amplitude were calculated as an isovectorKN amplitude with the hadron masses set to isospin averaged values. The results are shown in the bottom panels of Figure 2 . One can see that only the Prague and Kyoto-Munich models are in a reasonable agreement here while the other models deviate not only in terms of the amplitude magnitude but in the qualitative shape of the energy dependence as well. It is hard to say what causes such large deviations, specifically even a change of sign observed for the imaginary part of the K − n amplitude for the M II model. We believe that this issue could be resolved if there were available any experimental data on low energy K − scattering off the deuterium target as it is hard to foresee a direct measurement of the K − n scattering. Dedicated experiments in this direction were proposed in J-PARC [47] and Frascati [48] . Using Faddeev equations [49] or effective field theory methods [50] as well as data on kaonic hydrogen [15] one can fix the isovector part of the antikaonnucleon amplitude at the threshold. Alternatively, a new measurement of the K − p → π 0 Λ reaction at as low energies as possible is highly desired as well.
Dynamically generated poles
Before proceeding further, we would like to make one more remark. When the parameters of the models were fitted to experimental data the authors used a coupled channels space composed of the physical meson-baryon states, 10 channels in total that include all possible charge combinations that couple to the K − p state. This way the channel thresholds are treated properly in relation to the threshold effects observed in the K − p cross sections. However, here we will look at pole movements and a large number of involved channels seriously complicates the matters especially when the poles move from one Riemann sheet (RS) to another one. Thus, to simplify our analysis quite a bit we will consider separately the meson-baryon states of different isospin. It means that we will use averaged hadron masses for the isospin multiplets instead of the physical masses of the charged particles that were used in the fits. We have checked that this change in treatment of masses has a minor impact on the energy dependence of the resulting transition amplitudes and on the reaction cross sections.
Let us now switch our attention to the pole content of the coupled channel chiral models introduced in the Section 2. It is well known that resonances observed in reaction cross sections and in the transition amplitudes can be related to the poles of the scattering S-matrix on unphysical RSs. A typical example is represented by the Λ(1405) that is generated dynamically by the chiral models. There, it was found that two poles appear on the RS connected to the physical region at the real axis between the πΣ andKN thresholds. In a notation we will adhere to in our paper this RS is denoted as [−, +, +, +] with the signs marking the signs of the imaginary parts of the meson-baryon CMS momenta, see Eq. (5), in all four isoscalar coupled channels (unphysical for the πΣ and physical for theKN , ηΛ and KΞ ones). Similarly, in the isovector sector with five channels πΛ, πΣ,KN , ηΣ and KΞ the RS connected with physical region in between the πΣ and KN thresholds is denoted as [−, −, +, +, +] 3 .
Many years ago it was already realized by Eden and Taylor [51] and later demonstrated by Pearce and Gibson [52] that the origin of dynamically generated poles can be traced to the so called zero coupling limit (ZCL) in which the inter-channel couplings are switched off. In our work we utilize their ideas and apply it to the system of channels coupled to theKN system. As mentioned in the Introduction, the concept of switched off inter-channel couplings was also used by Hyodo and Weise [19] in their discussion of the two-pole structure of the Λ(1405) resonance.
The basic idea employed in our analysis of dynamically generated resonances is as follows. The exact position of any pole is determined by the inter-channel couplings and the meson-baryon amplitudes obtained as solutions of the coupled channels equations are analytical with respect to those couplings. Any gradual change of the couplings leads to a continuous variation of the amplitudes and of the pole positions. If we gradually switch off the inter-channel couplings while keeping the diagonal couplings intact, the poles will move from their positions related to physically observed resonances to their positions in the ZCL. Thus, if there is a pole related to a resonance there must exist a related (connected by a continuous trajectory) pole in the ZCL and vice versa. To determine a position of the pole in ZCL related to the one found in the physical limit (with inter-channel couplings turned on) one can just follow the trajectory from the physical limit to the ZCL. Alternatively, one can start from any pole found in the ZCL and follow its trajectory while gradually turning on the non-diagonal inter-channel couplings. Since the poles can evolve from the ZCL on various RSs one gets several trajectories of shadow poles, all having the same origin. As the inter-channel couplings are increasing (more generally, as any model parameters are varied) the evolving poles may move from one RS to another one by crossing the real axis. Some of the poles may end up at RSs very far from the physical one or very far from the real axis, so they hardly affect physical observables. On the other hand, it might happen that two (or even more) shadow poles are moved to positions where both of them affect physical observables and can be related to resonant states. An example of such a case was shown in Ref. [53] where both the N ⋆ (1535) and the N ⋆ (1650) resonances were generated dynamically by the model and found to originate from the same pole in the ZCL. A detailed analysis of pole movements upon varying the inter-channel couplings was also performed in Ref. [52] where the authors concentrated on the baryon-baryon interactions.
It should be noted that a meaning of the physically relevant pole is rather fuzzy and arbitrary, especially when speaking about poles in the ZCL. In general, we looked at poles that are in the physical limit as far as about 250 MeV from the real axis and may appear in the ZCL even below the lowest πΛ threshold. Sometimes the inter-channel couplings move the pole from its ZCL position to the physical one by quite a long trajectory, some other times we consider just the existence of the pole (though relatively far from a physical region) to be interesting as its exact position in the physical limit may not be restricted much by the fitted experimental data and it may become more relevant with a different parameter setting (at another possible χ 2 minimum).
Zero coupling limit
In what follows, we wish to demonstrate how pole positions in the ZCL can be calculated. To simplify the discussion we start from the notation used for the Prague models. The transition amplitudes matrix f ij has poles for complex energies z (equal to the meson-baryon CMS energy √ s on the real axis) if a determinant of the inverse matrix is equal to zero,
where the potential matrix V ij is proportional to a coupling matrix C ij introduced in Eq. (10), and the intermediate state Green functions (meson-baryon loops) form the diagonal G matrix. In the hypothetical ZCL, in which the non-diagonal inter-channel couplings are switched off (V ij = 0 for i = j), the condition for a pole of the amplitude becomes
where the index n runs over all available coupled channels. In such a scenario the RSs of different channels decouple and only two sheets exist per channel. There will be a pole in channel n at a RS [+/−] (physical/unphysical) if the pertinent n-th factor of the product on the l.h.s. of Eq. (16) equals zero. For the separable Prague models the pole in the n-th channel exists if z solves the equation
in which the sign of ℑk n relates to the appropriate RS. Alternatively, for the Murcia and KyotoMunich on-shell approaches the condition for a pole becomes
Thus, it is apparent that only states with nonzero diagonal couplings C i,j=i = 0 can generate poles in the zero coupling limit. Anticipating that the WT term represents a major contribution to the meson-baryon interactions a quick glance at the structure of the SU(3) coefficients given in the first row of the Table 1 implies non-zero matrix elements V i,j=i for the πΣ,KN and KΞ channels in both isospin sectors, I = 0 and I = 1. For each of these channels either of the Eqs. (17) and (18) can provide us with one or more solutions, though some of them are not relevant for physics and appear to have only mathematical meaning. In principle, the contribution of the Born and NLO terms to the effective potential V ij leads to nonzero diagonal couplings in the remaining πΛ, ηΛ and ηΣ channels as well. In most cases, such contributions are small and the poles obtained as solutions of Eq. (17) or (18) are too distant to affect physical observables when the inter-channel couplings are turned on. However, the Table 1 demonstrates that the experimental data on their own do not exclude models with sizable NLO contributions. Then, the poles that emerge in the ZCL in these channels may be moved by inter-channel dynamics to positions related to the observed resonances. It is instructive to look briefly at possible solutions of Eq. (17) that can be sorted out in a clear manner. The equation can be transformed into a polynomial one in z with a degree of 8, so it has exactly 8 solutions. It turns out that half of these solutions have ℜz > 0 and the other half have unphysical negative energies with ℜz < 0, so the later can be discarded. From the 4 remaining solutions two can be written as a sum of the baryon and meson energies, z = E(M ) + E(m), while the other two as z = E(M ) − E(m). Thus, Eq. (17) has only two physically feasible solutions that comply with z = E(M ) + E(m) and ℜz > 0. Finally, since the Eq. (17) is symmetric under the complex conjugation transition z → z * the two solutions must both lie on the real axis or be represented by two conjugate solutions z and z * .
One may also ask a question what is a necessary condition to generate a ZCL bound state in a given channel, i.e. a pole at the real axis below the threshold energy z i (th) = M i + m i on the physical RS. Assuming that the couplings C ii and the meson decay constant f i are given, the Eq. (17) provides a condition for the inverse range α i . It is easy to show that to form a bound state, the α i must be larger than a minimal value to satisfy the condition
where ω i stands for a meson-baryon reduced mass and the chiral couplingsC ii are the threshold values given in the Table 1 . Considering only the WT interaction in theKN (I = 0) channel, the condition is αK N > ∼ 600 MeV. Thus, the parameters α i fitted to the experimental data must satisfy this condition to provide a bound state in the ZCL to be turned into a dynamically generated resonance state when the inter-channel couplings are switched on.
It is more difficult to make any predictions for solutions of the Eq. (18) that involves the mesonbaryon loop regularized by dimensional regularization. As the equation cannot be transformed into a polynomial one, a number of its solutions is not fixed and depends on a specific interplay of the model parameters in a given channel. For positive complex energies ℜz > 0 the equation may generate either two complex conjugate solutions above the channel threshold (ℜz > M i + m i ) or one to two solutions at the real axis below the threshold. Since the later may appear at unphysical energies ℜz < M i , the Eq. (18) may have no physically relevant solutions. We will demonstrate the situation for a specific case discussed in the following section.
Weinberg-Tomozawa models
It is easiest to start our discussion of the pole content generated by various models by looking at the simplest case when the interaction kernel is reduced to the WT term. Although the NLO approaches are superior to the WT ones in terms of data reproduction, they introduce a large number of additional interaction terms and related parameters fitted to the data which may blur the analysis we aim at here. As far as the WT interaction dominates the low energyKN interactions the results achieved with such models should give us a good guidance when discussing the more complex models. It is also natural to perform our analysis in the basis of meson-baryon states with a particular isospin, separately for the isoscalar (I = 0) and isovector (I = 1) states derived from the physical channels by applying standard isospin projections. This reduces vastly the number of RSs considered in the analysis and allows for a straightforward assignment of any physically relevant poles to resonances of a particular isospin.
Among the theoretical models adjusted to reproduce the most recent experimental data on kaonic hydrogen, the 1s level shift and width measured by the SIDDHARTA collaboration [15] , there are only two papers [40] , [30] presenting results with meson-baryon interactions restricted to the WT term. The pertinent models are the P WT model [40] and the KM WT model [30] introduced in Section 2. The physically relevant solutions of either Eq. (17) for the P WT model or Eq. (18) for the KM WT model are listed in Table 2 .
As we see the P WT model provides us with a solution of the ZCL equation for all three mesonbaryon channels that have non-zero C ii coupling and in both the I = 0 and I = 1 sectors. On the other hand, the pole content of the KM WT model is limited only to the already well known isoscalar πΣ andKN poles [19] and to the isovector πΣ resonance that is very far from the real axis. The fact that the KM WT model does not generate any additional poles that appear in the P WT model is related to the values of the subtraction constants fitted to experimental data in [30] as demonstrated in Figure 3 . There, in the isoscalar KΞ channel 1/V KΞ ( √ s) part of Eq. (18) is plotted against the one-loop integral G KΞ ( √ s) on the unphysical RS and for several values of the subtraction constant a KΞ . The intersection of both curves gives back the energy at which a pole occurs in the ZCL. Note also that 1/V asymptote at the energy √ s = M Ξ separates the unphysical region of the CMS energies √ s < M Ξ from the one in which physically relevant poles can be found. It is apparent that the subtraction constant must be smaller than a certain value to generate a crossing of the 1/V and G lines in the √ s > M i region. For the discussed case the Table 2 : The pole positions in the zero coupling limit are presented in a form that shows their complex energy z in round brackets and the Riemann sheet the pole is found on in the square brackets. The characters of the states corresponding to the poles are specified as well as resonant (R), bound (B) and virtual (V) ones.
KM WT value 4 a KΞ = 6.23 reported in Ref. [30] does not generate a physically relevant solution of the Eq. (18) . We have checked numerically that the solution found at √ s < M Ξ moves to even lower energies when the inter-channel couplings are switched on. This finding is relevant for any other dynamically generated resonances provided by the on-shell models. Since the poles in the physical limit may exist only if a related pole is found in the ZCL, the subtraction constant in the pertinent channel (where the pole originates) must be smaller than a certain maximal value a i < a i (max). This represents a similar condition as the one given by Eq. (19) for the separable potential model. For exactly the same reason as there, if the condition is not met, the pole may not originate from such meson-baryon channel. Similarly, because the fitted values of the subtraction constants are larger than the maximal ones, the KM WT model does not generate poles in the ZCL for the isovector channelsKN and KΞ neither. Since the experimental data used in the fits apparently do not put serious restrictions on these channels it is plausible to accept that different models come to differing conclusions concerning the existence of poles generated by the diagonal couplings in those channels. Once we find the pole positions in the ZCL we can follow their movements on the complex energy manifold by gradually turning on the inter-channel couplings. We have done it by scaling the non-diagonal couplings by a factor x that ranges from 0 in the ZCL to 1 in the physical limit. Since the scattering matrix is analytical in x, no pole may disappear when evolving from its position found for x = 0. In the multiple channel setup each pole found in the ZCL generates a multiplet of shadow poles evolving from the same original position at various RSs. The pole that is nearest to the physical region plays a dominant role in terms of having an impact on physical observables though it may happen that two (or even more) shadow poles are about equally away from the physical RS and there is no way to say which of them is dominant. We also note that physical observables may be dominated by poles at a more distant RSs than those reached by crossing the real axis from the physical region 5 . Typically, such poles exist close to a threshold on a RS reached from the physical region by turning around the threshold. What matters is the length of a shortest path from the pole to a given point at the real axis in the physical region at which the physical observables are evaluated. Sometimes a pole at the second RS is more distant and affects physics less than another pole at more distant RS, so it is important to look for poles at various RSs, not only on those reached by crossing the real axis from the physical region. The trajectories of the poles that are dominant in the physical limit are visualized in Figure 4 that shows the results obtained with the Prague models. We have assigned the observed poles to the channels in which they persist in the ZCL and also specify the RS on which the pole evolves and its final complex energy position in the physical limit. For the P WT model, the ZCL pole positions are those as given in Table 2 .
First, we look at the top panels of Figure 4 and discuss the pole trajectories obtained with the P WT model. The isoscalar poles that evolve from the πΣ resonance and from theKN bound state for x = 0 are the two poles that are usually related to the Λ(1405) resonance. As anticipated, in the physical limit (for x = 1) both poles appear on the RS that can be reached from the physical region by crossing the real axis in-between the πΣ andKN thresholds. The third isoscalar pole z KΞ can be related to the Λ(1670) resonance, though its position is quite off the one observed in experimental spectra. We should stress that the P WT model is not expected to work so well at energies hundreds MeV away from theKN threshold, so the discrepancy is of little concern here. The poles found in the isovector sector are not so well known, only theKN one was observed earlier, too, see Refs. [10, 11] . It is understood that it relates to the cusp structure in the energy dependence of the elastic K − n amplitude obtained for both, the Prague and the Kyoto-Munich models. The πΣ isovector pole is too far from the real axis, so it cannot affect physical observables. The KΞ isovector pole may be related to the Σ(1750), a three star resonance.
Although we do not present a similar figure with pole trajectories for the Kyoto-Munich models, we have checked that the three ZCL poles obtained for the KM WT model and listed in Table 2 evolve in a completely similar manner as those of the P WT model when the inter-channel couplings are switched on. Particularly, the πΣ and theKN isoscalar poles evolve into the two poles assigned to the Λ(1405) reaching in the physical limit the pole positions reported in Ref. [30] . The isovector πΣ pole found in the ZCL ends up (for x = 1) at a pole position z πΣ = (1483, −126) MeV at the same [−, −, +, +, +] RS where the pole is found for the P WT model. Thus, the exact positions of the three poles generated by both the P WT and KM WT models vary with the specific model for x = 0 as well as for x = 1, though the picture is not altered qualitatively. The fact that the Kyoto-Munich model does not generate poles in the other three channels can be explained by noting that the experimental data do not restrict much the subtraction constants related to those channels, so their values could easily be smaller (negative) without affecting much the general fit while generating more poles in the ZCL.
For a completeness we also mention that the isotensor (I = 2) WT coupling for the πΣ channel is also not equal to zero, C I=2 πΣ,πΣ = −2. However, the ZCL solutions of Eqs. (17) and (18) found for the considered models are too far from the real axis and thus do not affect physical observables.
NLO models
Let us discuss how the inclusion of the NLO terms in the chirally motivated approaches changes the picture outlined in the previous section. First, we look at the NLO versions of the Prague and Kyoto-Munich approaches, Refs. [40] and [30] . For both models, the pole positions in the ZCL are given in the Table 3 . Nothing is really new in case of the P NLO model besides the fact that the positions of the poles were modified to some extent due to introduction of the NLO terms. The pole positions in the physical limit do not offer any surprises neither as we demonstrate in the bottom panels of Figure 4 . There, the only notable changes with respect to the observations made for the P WT model are shifts of the two Λ(1405) poles further from the real axis (for x = 1) and a more natural position of the isovectorKN pole in the ZCL (for x = 0). Table 3 : The pole positions in the zero coupling limit for the PNLO and KMNLO models. See the caption of Table 2 and the text for more details.
Concerning the KM NLO model, a new pole emerges from the ηΣ bound state found in the ZCL, though its exact position on the real axis is partly obscured by the left-hand cut of the Born u-term there. When the inter-channel couplings are switched on it develops into a pole in the physical limit located on the [−, −, −, +, +] RS at the energy z = (1420, -11) MeV, very close to theKN threshold. Most likely, the pole is responsible for the spike structure observed in the K − n amplitude in Figure 2 playing the same role there as theKN (I = 1) pole does for the P NLO model. The isoscalar sector of the KM NLO model offers no surprises with the pole content and dynamics of the model not changed when the NLO terms are introduced. There, the variations of the pole positions when going from the KM WT to the KM NLO ones are even smaller than those for the Prague models.
The Murcia models [31] offer a much richer pole content than the Prague and Kyoto-Munich models. This feature is caused by quite large NLO LECs that lead to sufficiently strong diagonal couplings even for those channels that could not generate any ZCL poles because the pertinent WT coupling was zero. Thus, in the ZCL we were able to locate solutions for channels including the πΛ, ηΛ and ηΣ ones, though some of them develop into positions that are rather far from the physical region. The ZCL positions of the poles that we found most relevant (or most interesting) are collected in Table 4 and their trajectories are depicted in Figure 5 . The most interesting point here is that for the M II model the higher Λ(1405) pole originates from the ηΛ bound state and not from theKN one as anticipated and provided by the Prague, Kyoto-Munich and the M I models.
TheKN related pole is still there, though the M II model has it bound (in the ZCL) at much lower energy, below the πΣ threshold. This large binding is apparently caused by a large coupling in thē KN (I = 0) channel, almost three times larger than provided by only the WT interaction. For the M I model this coupling is even larger, though it is compensated by a larger subtraction constant to generate the ZCL solution of Eq. (18) at a higher energy. The different sets of parameters used in the M I and M II then lead to a different pole origins and different pole dynamics despite the fact that in the physical limit both models generate the higher Λ(1405) pole at about the same position. Table 4 : The pole positions in the zero coupling limit for the MI and MII models. See the caption of Table 2 and the text for more details.
The isoscalar KΞ related poles obtained by both Murcia models match nicely the position of the Λ(1670) resonance. This achievement is due to the use of additional experimental data at higher energies in the fits performed in Ref. [31] , particularly the K − p → ηΛ reaction data. The Murcia models also generate the isovectorKN and KΞ poles in correspondence with those generated by the Prague models. Additionally, the ηΣ(I = 1) pole is worth noting, though it appears at a position rather distant from a physical region because it is located on the [−, −, −, −, −] RS and not on the nearer [−, −, +, +, +] one.
As the possibility of forming the higher Λ(1405) pole from the ηΛ ZCL bound state has not been anticipated in the literature, we feel that this requires an additional comment. The models restricted to the WT interaction do not have this option and as far as the NLO LECs are relatively small the situation is qualitatively not changed as manifested by the Prague and Kyoto-Munich NLO models. However, the experimental data used in the fits do not discriminate between models with small NLO contributions and those that have them comparable with the LO ones. The fact that the meson-baryon interactions in the S = −1 sector are quite well described by models employing only the WT term is a mystery which is not understood, so there is no reason to believe that the NLO LECs should be small. On the other hand, it is definitely more natural to assume that the Λ(1405) is formed from theKN bound state that is transformed into a resonance (quasibound state) by acquiring a non-zero width due to couplings to other channels, most notably to the πΣ one. For this reason, we consider the M I model a preferred option over the M II one.
Finally, we present our results obtained for the pole content and pole movements generated by the Bonn models of Ref. [18] . There, we found it very difficult to follow properly the movement of some poles (especially in the isovector sector) since the models are not based on a potential 
Summary
We have presented a comparative analysis of the theoretical approaches that aim at description of low-energy meson-baryon interactions in the strangeness S = −1 sector. All the models discussed in our paper are derived from a chiral Lagrangian that includes terms up to the next-to-leading order, O(q 2 ), in the external meson momenta, with the free parameters fitted to the low-energy K − p reactions data and to the characteristics of the kaonic hydrogen as measured recently by the SIDDHARTA collaboration. As far as we know, this is the first time that the various models available on the market were put under a direct comparison aiming at determining the subthreshold energy dependence of theKN scattering amplitudes and on the pole content of the models related to the dynamically generated baryon resonances.
The discussed approaches represent a variety of different philosophies they are built on. Most of them (the Kyoto-Munich, Murcia, Bonn ones) use dimensional regularization to tame the ultraviolet divergences in the meson-baryon loop function and treat the meson-baryon interactions on the energy shell while the Prague model introduces off-shell form factors to regularize the Green function and phenomenologically accounts for the off-shell effects. All approaches but the Bonn one are based on a potential concept, introducing an effective meson-baryon potential that matches the chiral amplitude up to a given order and is then used as a potential kernel in the LippmannSchwinger equation to sum a major part of the chiral perturbation series. The Bonn model differs by solving a genuine Bethe-Salpeter equation before making a projection to the s-wave and neglecting the off-shell contributions. Finally, the Kyoto-Munich and Prague models have relatively small NLO contributions (representing only moderate corrections to the LO chiral interactions) while the Murcia and Bonn models introduce sizable NLO terms that generate inter-channel couplings very different from those obtained by only the WT interaction. Despite all these differences the models are able to reproduce the experimental data on a qualitatively very similar level and in mutual agreement especially concerning the data available at theKN threshold. The models also tend to agree on a position of the higher energy of the two poles generated for the Λ(1405) resonance, predicting it at the complex energy with the real part ℜz ≈ 1420 . . . We have demonstrated that the theoretical models considered in our work lead to very different predictions for the elastic K − p and K − n amplitudes at sub-threshold energies. There, the uncertainty bands (or zones) sketched by the authors of the models in their original Refs. [18, 30, 31] represent limits within a setting of a particular model rather then general constraints that emerge when the theoretical predictions of all models are considered. The latter appear to be much larger then previously anticipated. We would like to note here that the predictions made for kaonic atoms and antikaon quasi-bound states that were based on in-medium sub-thresholdKN amplitudes generated by the Prague and Kyoto-Munich models and discussed in Refs. [41, 42, 54, 55] should be re-examined if the predictions made by the Murcia and Bonn models turn out to be more realistic. Indeed, the M II model and both Bonn models predict much smaller (if any)KN attraction at subthreshold energies while an in-medium attraction much stronger than provided by any of the models considered here is anticipated from phenomenological analysis of kaonic atoms [56] .
One of the novelties of our paper consists in a detailed analysis of the origins of the poles generated in the different approaches. We have done this by following the movement of the poles from their physical positions to the ZCL with inter-channel couplings switched off. As far as the NLO couplings are small and represent only corrections to the leading order WT interaction the pole content of the models is restricted to those poles that originate from the πΣ,KN and KΞ channels. This is demonstrated by the Prague and Kyoto-Munich models. On the other hand, the Murcia and Bonn models discussed here incorporate quite sizable NLO contributions to mesonbaryon interactions that lead to couplings sufficiently strong to generate poles in the ZCL even in other channels. We have found that for two of the NLO models (M II and B 2 ) the origin of the higher of the two poles assigned to the Λ(1405) resonance can be traced to the ηΛ bound state in the ZCL. Although one cannot readily dismiss this possibility, it can be argued that the other models are more viable as they do not contradict the commonly accepted picture of theKN bound state that evolves into a resonance due to a strong coupling to the πΣ channel.
We also note that some of the models predict an existence of the isovectorKN pole on the [+, +, −, +, +] RS. For the KM NLO model a similar ηΣ pole appears on the [−, −, −, +, +] RS. Since the isovector sector is not restricted much by the current experimental data the pole can be brought up to a position not far from theKN threshold and close to the real axis, where it can affect physical observables. The existence of the pole was already reported in Refs. [10, 11, 42] and might be related to the isovector contribution to the πΣ mass spectra observed by the CLAS collaboration [17] .
Finally, we mention that the analysis of the ZCL solutions of Eqs. (17) and (18) enabled us to determine limits for the inverse ranges or subtractions constants that the fitted parameters should satisfy to generate poles in the considered meson-baryon channels. The differences among the various models in generating (or in an absence of) a given resonance can often be related to the fulfillment of these conditions. This finding is in line with similar constraints for the subtraction constants that were discussed within a different context in Ref. [57] .
